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Abstract. The paper presents the study of angular momentum variation in relation to point of reduction. Thus, it is demonstrated the
formula with which one can determine the angular momentum of the rigid body relatively to any point of its if we know the angular
momentum of the rigid body relatively to a random point. Based on this formula are deduced Koenig's theorem for angular
momentum and as a consequence the mathematical expression of Steiner's theorem.
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1. INTRODUCTION

Let us consider a solid rigid body as is shown in figure 1.
This solid rigid body is supposed to be in general
motion. Let us choose a rectangular Cartesian system
T(Ox y z) in space which we conditionally regard as
being fixed. The position of a rigid body in space can be
specified by the positions of its three points not lying in
one straight line [1, 2, 3]. To this end, let us take a
coordinate system T;(O;x;y1z;) thought of being rigidly
connected with the rigid body. The position of the
coordinate system T,(O;x,y,z;) determines that of the
body itself to the fixed reference frame T(O x y z) [6,7,
8].

Fig. 1 Solid rigid body in general motion

It will also consider two other reference systems
T2(Cx 1,y 1,2 1) and T3(O,, X'1, ¥'1, z'1) Which are also
thought as being rigidly connected with the sgl)lid” rig”id
body. The origin of the reference frame T,(C,X 1,y 1,Z 1)
is a specific point of the body namely its mass center C.
Point O, is an arbitrary point of the rigid body. Point A
is also an arbitrary point which belongs to the rigid body.
The axes of the reference systems T,(0x,yiz)),
TZ(C,x"l,ynl,znl) and T3(0,x'; y'; z'1) are considered to be
parallel to each other.

We propose to calculate the angular momentum of this
rigid solid body about the point “O,” and study its
variation when pole position is changing.
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2. ANGULAR MOMENTUM DETERMINATION

The angular momentum of the rigid solid body about the
point “O;” may be calculated with the following
relationship [3, 4, 5,9, 10 -15]:

Ko, = [[01ATv A Jam
(©)

(1)

where:
(C) —represents the area occupied by the rigid solid body

{va} — the velocity vector of the current point “A” of the
rigid body

[O,A] — anti-symmetric matrix associated to the vector
{O1A}

{O1A} — the position vector of the current point “A” of
the solid rigid body

The mathematical expression of the vector {O;A} is the
following:

{01A} = [x5 1y 12l (2)

The mathematical expression of the matrix [O;A] is the
following [4]:

0 i77alva.
[0,A] = _%_A__L__O__i_—_fﬁ_ 3)
-yalXa | O

In relationship (2) x4, ya, za represent the coordinates of
the point “A” relatively to the body fixed reference
frame T, (O1x1y121).

3. DETERMINATION OF RIGID BODY ANGULAR
MOMENTUM  VARIATION WHEN POLE
POSITION ISCHANGING

The relation (1) may be written in the following form:

Ko, = [([01021+[0,A]fv4 Jam
(©)

(4)
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Ko, | = 101021 [ {vaJam + [[0,AT(v 5 Jam (5)
(©) (©)

In relation (3) [0;0,] and [O,A] represent the anti-
symmetric matrices associated to the vectors {O,0,} and

{O,A} respectively. They have the followings
expressions:
0 D70} Yo,
[0/0,]=] 29, | 0 |-xq, (6)
______ (I P
~Yo, | X0, | 0
O TPyt Py
[OZA] pzl : 0 :_pxl (7)
_____ e —— —
Py, 1 Px, 0
Px, = XA — X0, (3)
Py, = YA — Yo, 9
Pz, =2A —Zo, (10)

In relations  (6)-(10), Xa, Va, Za, X0,
Yo, »Z0, represent the coordinates of points A and O, in
relation to the body fixed reference frame T,(O;x,y,2;).

In relation (5) may be recognized the following
quantities:

= [vajam =[Mlve} (D
(©)
Ko, }= [[02A}v4}dm (12)
©)

The vector quantity expressed by relation (11) represents
the momentum of the solid rigid body in general motion.
The vector quantity expressed by relation (12) represents
the angular momentum of the solid rigid body about the
point “O,”.

Using relations (11) and (12) the relationship (5) may be
written in the following way:

Ko, | =Ko, | +[0,0, {H} (13)

Relationship (13) represents the mathematical expression
of angular momentum variation when pole position is
changing.

4. KOENIG’S THEOREME DEDUCTION FOR
ANGULAR MOMENTUM

In this chapter we intend to determine the variation of
angular momentum of the solid rigid body when pole
position changes namely when the new position of the
pole coincides with that of the mass center. For this

purpose we will use the relationship (13). We will obtain
the following result:

Ko, | = Kc}+[0iCHH] (14)
Using the relation (11) the relation (14) becomes:
Ko, ={Kc)j+[0CIMlive} )

In relationship (15), [O,C] represents the anti-symmetric
matrix associated to the vector {O,C} and it has the
following expression:

0 1-¢ 1 My
P S H i
[0Cl=] ¢ | 0 {-¢ (16)
SO U It Y
- & 0
The vector quantity {O,C} has the following expression:
{0, =& 1y i)' (17)

In relationships (16) and (17) the scalar quantities &;, 1y,
C, represent the mass center coordinates relatively to the
body fixed reference frame T, (Ox,y,2).

Relationship (15) represents the mathematical expression
of Koenig’s theorem for angular momentum.

In this expression the matrix [M] may be written as
followings:

M]=10im;0 (18)

[73e 1)

where “m” represents the mass of the solid rigid body.

5. DEDUCTION OF STEINER RELATIONSHIP
USING KOENIG’S THEOREM

In this chapter we intend to deduce Steiner’s relationship
starting from Koenig’s theorem. For this purpose we will
first calculate the angular momentum of the solid rigid
body about its mass center. We will obtain the following
relationship:

Kch= [lcalvadm =Delo} (19
(©)

Kch= Jlcalivayam = [Dlvi}  20)
(©)
I T e

Vel=I "Dyt Jvi 70| @D
Tyt L =Ty 1 Ty

1“1 1“1 1

Relationship (19) may be written under the following
form:



The Scientific Bulletin of VALAHIA University - MATERIALS and MECHANICS — Nr. 10 (year 13) 2015

Kch= [lcalivayam = [Dlvi}  22)
(©)
In relationship (21) scalar quantities J x>y dg

represent the axial moments of inertia relatively to the
axes of the body fixed reference frame T(C,x 1,y 1,2 1)
and the scalar quantities J ,» s Jxrr represent the

"

¥127yiz]
centrifugal moments of inertia relatively to the pairs of
plane belonging to the same reference system To(Cx | y |
Z 1).

The angular momentum {KOI} about the centre “O,”

has the following expression:

Ko} =[A] v} (23)
A1= [ 0,1 Do, ]| @4
[So,] =M]-[0,] (25)

In relation (24) [ SOI] represents the anti-symmetric
matrix associated to the vector polar static moment
{ So, }.The mathematical expression of the vector polar

static moment is the following:

So,} =MI-{0,c} (25)

T ! 1T
)= {{VOI} o) } (26)
{VOI } = [VOIXI ! YO,y i VOIZI] ' 27)
{or} = [(Dxl i Oy, i (Dzl] ' (28)

The momentum “H” of the solid rigid body may be
written as followings:

{H} = [M]-{vc} = [B]- {v1} (29)
{VC} = [VCXI i Vey, i Vg, ]T (30)
T
(3= | M1} - [so,] | 61)
__J_X_l__J:.___{)il_yl_E_t_Jfl_Z_l
[JOI] __J_X_lzl_i__{Y_l___E_i_J_yl_Z_l (32)
JXIZI :_JY121 | JZI
In relationship (32) the scalar quantities J x 03y Iz,

represent the axial moments of inertia relatively to the
axes of the body fixed reference frame T(O;x;y,z;) and

the scalar quantities Jx,y, 2 y,2, > Ix,z, represent the

centrifugal moments of inertia relatively to the pairs of

X1Z;
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plane belonging to the same reference system T,
(lelylzl).

The relationship (15) may be written in the following
form:

[A]-{vi} = [D]- {vi} +[C]-{vy}

In relationship (33) matrices [C] and [D] has the
following expressions:

(33)

[C]= [[SOI] | [M]-[0,C]- [OIC]T] (34)
[D]=[ [0] E[Jc]] (35)
33

From the above relationship may be deduced the
following relationship between the matrices [A], [C] and
[D]:

[A] = [D]+[C] (36)

From the relationship (36) it may be deduce the
following relationship:
T
o ]=Dcl+ MIoicloel”  (37)
The matrix relationship (37) represents the mathematical
expression of Steiner’s theorem.

6. CONCLUSIONS

Relationship (13) is analogous with the relationship
which expresses the moments theorem in statics. The
relationship which expresses moments theorem in statics
is the following:

Mg f= Mg [+ [0000R)  6®)
In relationship (38) the quantities involved have the
following meanings:

{M 0 } - represents the resultant moment vector of an
1

arbitrary force system about the arbitrary point “O,”.
The point “O,” is called the old reduction center.

{M 0 } - represents the resultant moment vector of an
2

arbitrary force system about the arbitrary point “O,”.
The point “O,” is called the new reduction center.

{R} - represents the resultant force vector of an
arbitrary system of forces which is an invariant with
respect to the choice of the reduction center.

The vector quantities involved in relationship (13) have
the following meanings:

{K 0 } - represents the resultant angular moment vector
1

of an arbitrary system of angular vectors about the
arbitrary point “O,”.
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{K 0 } - represents the resultant angular moment vector
2

of an arbitrary system of angular vectors about the
arbitrary point “O,”.

{H} - represents the momentum of the solid rigid body

in general motion which is equal to the momentum of its
center of mass under the assumption that the total mass
of the body is concentrated at that centre

The relationship (13) may be used at the deduction of
angular momentum vector about any point which
belongs or not to the solid rigid body. For instance we
can determine the angular momentum vector about the
fixed point “O”:

Ko} = {Ko,  + [00,JH}

In relationship (38) the expression of the momentum
vector {H} is given by the relation (29).

(39)

The relationship (38) can be used to deduct relationships
that describe the general movement of a solid rigid body.

Relation (38) may be written briefly as follows:
{Ko} =[N]-{v}

The terms involved in relationship (39) have the
following expressions:

(40)

[N] = [Ny ]+[N,] (41)
N =[[So, ]! [0, ]] (42)
[N,]=[[00,1M]|-[00,]-[S0,]] 3)

The expression of vector
relationships (26)-(28).

{vi} is given by the
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